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A simple theoretical model for a class of oscillating chemical reactions is investigated, which is inspired by Degn’s anal- 
ysis of the mechanism of Mousov-Zhabotinsky reactions. Although the model involves only one auto ~talytic path, as 
distinct from models presented hitherto, 3 IimitcycIe behaviour is found for the conLntrations, corresponding to a de- 
fmite region in the space of controUabIe parameters. Characteristics of the coherent oscilktions are investigated together 
with the behzviour in the induction period. The critical slowing.-down around the onset of instability is shown to behave 
very much like that found in the equilibrium pEuse transition- ‘Lhe existence of an “antiCurie” point is found as well as 
the Curie point, corresponding to the fact that the domain for sustained osciliatior. is cloced in certain directions. Possible 
extensions of the model and ways of improving the theory are discussed_ 

1. Introduzion 

Concentration osciUations in chemical reactions 
under conditions far from equiiibrium have only re- 
cently become a subject of considerable interest, part- 
ly because of their expected relation to biological 
clocks [1] and to the possible dynamical differentia- 
tion of various tissues in living systems 121, although 
examples were reported quite some time ago (for early 
references see e.g. [3,4] )_ 

The essential kinetic structure of oscillating reac- 
tions has been recognized as the existence of auto- 
catalysis or of feedback channeis in multiple reactions. 
The non-linear differential equations describing a set 
of reactions are expected, under certain conditions, to 
have a solution which reveals a limit-cycle behavi- 
our. This type of dynamical order emerges only under 
certain conditions and particular interest centres 
around the fact that there are cases in which one can 

control the situation by changing the boundary condi- 
tions. Lt is expected that such control mechanisms are 
always operating in living organisms. The understand- 
ing of the mechanisms may possibly lead to an external 
adjustment of the conditions for living organisms. 

Earlyin 1910, Lotka [S] (see also [6]) introduced 
a model which exhibits periodic behaviour. However, 
in his model an infinite number of orbits neighbouring 
one another are found to be stable and in that respect 
the model is not quite realistic. 

In this paper, a theoretical analysis wiLl be given of 
a simple class of models which is based on Degn‘s 
work [7] on a possible mechanism of Belousov- 
Zhabotinsky reactions_ The recent investigations by 
Noyes et al. [S-I I ] suggest that Degn’s mechanism 
may not be realistic. Nevertheless, its simplicity mo- 
tivated us to investigate the details of oscillations pre- 
dicted by the model. Moreover, as we shall see later, 
the model can be generaliied defining a wide class of 
mechanisms which are likely to be present in general 
experimentally realistic situations. 

Only the results For the case of homogeneous 
phases are presented in this paper. The results for the 
inhomogeneous case will be treated in a separate pub- 
lication. In sect. 2 a mathematical model is formulated 
and the steady-state solutions of the model are deriv- 
ed. In sect. 3 the stability of the steady state is dis- 
cussed and the existance of a particular region is 
shown in the space of controllable parameters, inside 
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which sustzined oscillations emerge. In sect. 4 the 
characteristics of sustained oscillations, i.e. amplitudes 
and phases, are studied both in marginal and off- 
marginal situations. In sects. 5 and 6 transient behavi- 
ours in the evolution to the regime of sustained oscil- 
lations of the limitcycle type are discussed: first, 
in analogy with the phenomenon of critical slowing- 
down, and secondly paying special attention to the in- 
duction period and the related structure of the space 
of reference variables. In sect. 7 several possible ex- 
tensions of the model are briefly discussed. Sect. 8 is 
devoted to general discussions an-? concluding remarks. 

2. The model and steady-state solutions 

As Degn himself seems not to be completely de- 
finite about the detailed mechanisms of activation 
and inhibition with respect to the reaction 
Ce3+ + Ce4+, it would be safer to define a model of 
our own, though it is mostly based on Degn’s wording 
in his first publication [7]. 

@ur model consists of four elementary reactions 
and four intermediate chemical components, F, T, D 
and C, and an input M and an output A. The corre- 
spondence between the four reactions in our model 
and Degn’s proposal is as follows (see fig. 1); 

(1) “Reaction m” correspnds to the oxidation of 

malonic acid (M) by ceric ions (F). 
(2) “Reaction 8” corresponds to the oxidation of 

cerous ions (T) by bromate. It is assumed that this re- 
action has an auto-catalytic activation. 

(3) Br2, which is a product of “reaction 0”. reacts 
very rapidly with malonic acid to form bromomalonic 
acid (D). “Reaction d”, then, corresponds to the fonna- 

tion of complexes (C) of cerous ions (T) and bromo- 
malonic acid (D), which has an inhibiting effect on 
“reaction O”_ 

(4) “Reaction c” corresponds to the decomposi- 
tion of the complexes (C), as a result of whkh cerous 
ions (T) reappear, thus closing the second cycle of 
reaction_ 

The main assumptions adopted here are as follows: 
(1) The inhibition of “reaction 6” is induced by 

the formation of complexes (Cc), which results from 
“reaction d” of dibromomalonic acid (D) with Ce3+ 
(T)- “Reaction 8” is recovered when Cc3+ (T) is 
liberated after a time from dibromoacetic acid (A), 
which has evolved from dibromomalonic acid. 

Fig. 1. Diagramatic representation of the made1 reaction_ M: 
malonic acid, F: Ceac, T: Ce3+, D: dibromo-maionic acid, C: 
complex of dibromomalonic acid and Ce3’. A: dlbromoacetic 
acid. 

(2) The activation of “reaction f3” is supposed to 
be a first-order auto-catalysis by Ce4+ (F). Without 
this auto-catalysis the system does not exhibit any os- 
cillatory behaviour. 

(3) The concentration of malonic acid (M) is con- 
trollable. 

Under these assumptions, a closed set of reaction 
pathways is obtained as is shown in fig. 1 _ To each of 
the reactions, there correspond rate constants km. k,. 
kd and kc, respectWly. These rate constants may be 
taken as the result of renormalizing the effects of 
probable paths other than those indicated, provided 
they are proceeding rapidly compared with those 
under explicit consideration. 

I&e diagram in fig_ I corresponds to the following 
set of differential equations, namely, 

-%iq = - k, MF +kelV. 
dt 

$T= k,MF- k&7- k&IT +k,C, 

(2.1) 

(2.2) 

$C= kdDT- k,C, (2.3) 

k,.#7- kdDT. (2.4) 

It is clear thet the sum of eqs. (2-l), (2.2)and (2.3) 
is zero, therefore 

F+TtC =t$, (2-S 

where Q is 2 positive constant independent of time. 
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Fii_ 2a. Steady state for various Q in (0. F) plane. A,, and Bo 
are the marginal steady states corresponding to Q =o+ and 
0 = @_ respectively. 

One finds two sets of steady-state solutions, name- 

IY, 

Fo=~=Do=O and To=4 (Case A), (2.6) 

and 

Fii = k,W&, Do = k,*&, 
(Case B). (2.7) 

To = &&f,,,, Co = T,rf/, 

where 

9 = (k,@ - k,M)/(k, f k,M). (2.8) 

‘IMP- steady-state solutions, Case A and Case B, are 
shown in the (9, F) plane and in the (9. T) pkne in 

fig. 2 as functions of 0. 
For $ < k,Mlk, , only the steady state (A) exists. 

For @ > k,Mjke , the two steady states (A) and (B) 
appear; the steady state (A) lies on the same line as 
for 9 < k,.&lk, , and the steady state (B) lies on an- 
other line which originates at the point (km&/k@, 0, 

k,Mlk, ) in CA F. T) spa= 

3. Stability and the criterion for the appearance of 
OSCiIhtiOIl 

In order to obtain information about the stability 
of the steady state, one may linearize eqs. (2-l)-(2.4) 
around the steady state. Suppose a variable X is ex- 

pressed as 

X=X, +8X=X0 fxeAf, (3-l) 

ke 

F& 2b. Steady state for various Q in 6% T) phne. 

where X0 stands for a steady state and 6X for an in- 
finitesimal deviation from it. Then, using eq. (2.5) the 
linearized equation may be written as 

(33.2) 

In the following, the stabilities of the two steady- 
state solutions are studied separately_ 

3.1. cirse A 

Substituting the steady-state solutions (2.6) into 
eq. (3.2), one finds a secular equation of the form 

(h+ k,M-k&(X+ k,);X+ k&)=0- (3.3) 

Accordingly, the solution (A) is stable for 

Q < &,M,‘kO. (3.4) 

and it is unstable for 

4 > k,Mlk, - (3.5) 

h Case A, it is clear that there is no possibility of 
fmding an oscillatory solution. Therefore the solution 
(A) will be gven no further attention in this paper. 
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3.2. cizse B 

Substituting the steady-state solution (2.7) into 
eq. (3.2), one finds a simpler equation, 

+ kdkC’@ TO(kc f k, T,f = 0. (33.7) 

By choosing a E ZrticuIat unit of time, one of the rate 
constants may be put equal to unity without losing 
generality. Lt?t us therefore choose k, as a unit, i.e. 

kd =I. (3-8) 

One may further simplify the equation by intro- 
ducing a scale transformation, such that 

h = kc& 

T, = kc@+ 

Then, instead of eq. (3.7) one finds 

(3.91 

(3.10) 

fi3 +NQ, ‘FM2 VW, W&+r(& ,8, *) =O, (3.1 I) 

where 

Gz(O,U)= t t-0+2*, (3.12) 

&O, U) = @(1+ 29 -f. *, (3.13) 

r{ks, 0, tu) = Q9<1 f ksG3j. (3.14) 

From these equations it is clear that 

or = iuCke, 0, W, (3.15) 

i.e. p depends on three independent parzzmeters, 

t&i& may be aiternativeiy chosen as k+ M and #. 
The condition under which eq. (3.11) has a purely 

imaginary solution is given by the equation 

a@, WP{@, *I = T(k, 3 Q, w, (33.16) 

whifh is explicitly 

(2~tO+1)I(28tI)\llrcO)=O(I *k~o)-*,(3.17) 

or 

2(2@il)@ --{~k~--22)~~-40--11)‘& 

tQ(@+I)=0_ 

One may solve eq. (3.18) for 9: 

Undet the condition that positive *+(k#, 0) and 
~_(k~, 0) exist, the stabiiitjr of the steady-state solu- 
tions is shown in figs. 2a and b. & and &_ are defined 
as [see eq. (2.8)1 

'JL(k, , 0) = Ck, a* - k,M)l& c k&f )- (3.20) 

Therefore 9, and Q_ correspond to the margkal situa- 
tions. The steady state (B) becomes unstable for 

#-<G<@+. (3.21) 

though it is a stable focus for 

&M/k@ -C d < 4- (3-22) 

and for 

@>9*- (3.23) 

As discussed before, the steady state (A) is stable for 
Q < k,,&/k@ and unstable for Q > k~~~k~ _ 

One should now discuss the condition for the 
existence of positive *+(ks, 0) and e(k,, 0). 

First, in order for q&e, 0) to be real, one fuds 
a condition 

f~~~-22)~-48-11)2~80(Q+I)(2Q+1).(3.24) 

In order for *+(k, ,O) to be positive, one finds an ad- 
ditional condition 

(kti -2)QZ--40-l >O. (3.25) 

Supposing that both conditions (3.24) and (3.25) are 
satisfied, then one fmds two solutions e&kg, ci) and 
a&,, 0) for eq. (X.18), which are both reaI and posi- 
tive. 

T&e remaining thing is to rewrite (3.24) and (3.25) 
in terms of k, and M. One need oniy remember that 

0= o@Wk~, (3 -26) 

where 

o(M) = k,M-/kc. (3.27) 
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in terms of o(M), the above conditions are now 

r(ke -2) a2 --4k,a-k~)2~~a(atkg)(2atk~)k~. 

(3.24a) 

and 

(ke -2)~~--4&~a-k~ >O. (3.2%) 

The latter condition (3Xa) is easier to analyse, for 
it may be rewritten as 

kz -o(u--4)ka+202<0. (3.25b) 

For fixed u, (3.25b) is satisfied only if k, has a vah~e 
between two roots of the equation 

kz - o(u -4)k,+2u2=0, (3.28) 

namely 

k; =$ a~a--4t~(jZjG~. (3 29) 

For k$ to be real and positive, it is necessary that 

a>,4+2\/Z. (3.30) 

Suppose that the condition (3.30) is satisfied, then 
?he ~~n~t~on (3.25b) is satisfied only for 

k; <ke <k;‘. (3.31) 

In physical terms, the inequality (3.3 i) can be ex- 
plained as follows: When k, < kg, ‘*reaction 8” is too 
slow to generate an inertia of the flow, whereas for 
k, > kg, “‘reaction W’ is too f&st to feel ffie inhibiting 
effect of “reaction 8’. 

The former condition (3.24a) is obviously more 
stringent than (3.25a), therefore the resultant criterion 
is quantitatively more restrictive, although the qudita- 
tive structure of the criterion should be similar. Namely, 

(i) There exists an absolute Iower bound M_ for the 
value of&K 

(ii) For a legitimate value of M, there exists a dased 
curve in the (k@, *) p&me and oscillations may appear 
only inside this closed curve: In fig. 3a the closed 
curves corresponding ta the marginal situations given 
in eq. (3.19) are shown for various values of a. 

Fig. 3a implies that for a fixed value of a there exist 
two values of k, , say k$(a) and kg (a). for which 
U&k@ ,@I and *_(k~ , 0) coincide. From eq_ (3.19) 
one sees that k:(a) and k&a) are solutions of an equa- 
tion for ke, 

[(k, -2)@2--4@-l]2 -8Q@+1)(20+1)=0(3332) 

0 0.5 1.0 F 

Fig. 3a. The criterion for the existence of osciUations indicat- 
ed in (k,. @) plane. For fixed CI. oscilhtions may exist cnly 
inside the closed curve. For 0 = 14 and 4 = 20. the points C,. 
C2 and C3 with \v = 0.6.0.57-S and 0.45 rerpectivcly give rise 
to the unstable steady states while the points Ao and Bo with 
%# = 0.6827 an& 0.3632. respectitdy, correspond to the 
margioal situations. At the pints P and Q, the two marginal 
situations become identical <sect. 3). 

Fig. 3b. The criterion for the existence of oscillations indiat- 
ed in (k,. @‘,a) space. Oscillations may exist only inside the 
volume of horn-like shape. 



where 8 = u/k@ [es_ (3_26)] _ For example, for o = 14, 
the points P and Q in fig. 3a correspond to such situa- 
tions. 

Furthermore, if one reduces u, the closed curve in 
(k, , @) plane becomes smaller and finally it collapses 
into a point. The value u = 00 corresponding to this 
situation is given as the lower bound for o, which 
satisfies the inequalities (3.24) and (3.25). Actually 
this value u. lies between Z 3 and 14. 

In order to visualize the structure of the space of 
the controllable parameters k, , U and u, the unstable 
region is roughly sketched in fig. 3b. 

It should be note+ that for this model the unstable 
region in (k, , V?, CJ) space is open in the positive direc- 
tion of 0. For J3elousov-Zhabotinsky reactions, 
Zhaborinsky et al. 1121 reported that experimentally 
there exists also an upper bound for the concentration 
of malonic acid which gives rise to oscillations. This 
point will be discussed in sect. 8. 

4. Characteristics of the oscillation 

In order to compare the qualification of various 
simikr mo&k in relation to the observed facts, it is 
often convenient to examine the phase relations and 
the relative amplitudes among several oscillating 
quantities. 

In our particular example of the oscillation around 
the steady state (B), it is not difficult to determine 
these relations in the marginal situations. Ihe oscilla- 
tion is supposed to be purely sinusoidal with infmitesi- 
mal ampli&ade and its frequency is given by 

w*=xm33 (4-l) 

or 

+ = Jr(k,, Q, K) /Q(Q. **)- (4.2) 

Accordingly the oscillation around the marginal 
steady state is expressed as 

SF= f, sin(w,t), (4.3) 

6T=6,sin(wrt+rlL), (4.4) 

SD=d* sin(w,f f r*)_ (4-5) 

I~-I the above the two signs “+-” and “-" correspond 
to the upper and the lower marginal situations. 

From eq. (3.6) one finds the relation 

(4.6) 

Putting w,t f 77* = 0, one finds that, in marginal 
situations, 

cos 7& = 0, (4.7) 

or 

‘7r=$n (4.7a) 

and 

fJ6, = kCWw,- (44.8) 

Putting c+t = 0. one finds that 

tied, cos 5, = - kaTO d, sin t&, 

or 

tan CC =-u&T& 

accordingly 

-6 x cc* CO. 

Putting w,t = fn, one finds that 

(4.9) 

(4.10) 

(a+ sin St f kdTo cos g,) d= = k, Tof& 

or 

(4.11) 

In this way, the phase relations and the relative 
amplitudes in ffie marginal situations are completely 
determined, provided the deviations are inftitesimal. 

When the situation deviates from the marginal ones 
by a finite amount, it is expected that both the ampli- 
tudes of oscillations and the phase relations are deter- 
mined by ffie non-linearity. In fact, the off-marginal 
oscillation in the range @_ < Q < & (see eqs. (3.193 
and (3.20)), tends to a definite limit cycle and its 
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3.0 GO 50 6.0 

Fig. 4. ‘Ihe limit cycle in an off-marginal Situation. Ihe pamm- 
eters are chosen as kc = kd = 1. kD = 20. @ =0.525 and u = 14. 

behaviour deviates from a pure sinusoidal curve. 
In order to sze how the oscillation in the off-mar- 

ginal situation deviates from a sinusoidal curve, it is 
convenient to introduce the following quantities 
characterizing the oscillation; with respect to a com- 
plete cycle TI,.,,~ and 9mir, are defined as the phase 
differences between the peaks and depths of F(r) and 
T(f) respectively. in a similar way {,, and S‘min are 
also defined for F(r) and D(t)_ Af is the phase retarda- 
tion of the bottom ofF() after the peak of F(r). 
Similarly A0 and Ad are also defined for T(t) and 

W). 
In fig. 4, sustained oscillations of F(t), T(t) and 

D(r) coirespondiug to 2 limit cycle in an off-marginal 
situation are shown. Here the values of the controllable 
panuneters correspond to the point ca in fig. 32. The 
definitions of the characteristics Af, A,, Ad, t?-, 

rl min etc., are also shown in fig. 4. 
Of course, it is expected that in marginal sC~~tion~ 

one has 

2nd 

A,=A, =Ad =a. (4.14) 

Af, Ae and Ad may show how relaxation and 
growth of the concentrations of the chemical com- 
ponents are accelerated by the non-linearity in off- 
marginal situations. If the time dependences of the 
concentrations are extremely different from sinusoidal 
ones, as is the case in experiments, the phase rerarda- 
tiOnS A,, A, and Ad lose their meaning. With this 
reservation, as far as the deformation is not extremely 
strong, like in fig. 4, one may study the dependences 
of Aft ALe and Ad on It. 

As an example, let us examine the case 

0 = 14.0, k, =20.0, kc =k, = 1.0. (4.15) 

The marginal situations in this case are characterized 

by 

‘P+ = 0.6827, 

and 

(4.16) 

‘P_ = 0.3632. (4.17) 

Accordingly, one may calculate the characteristics of 
the oscillation given in eqs. (4.8)-(4-l I) for the mar- 
ginal situations. The results of the calculation are 
shown in tables I and 2. 

In this case, the steady state (B) given in (2.7) be- 
comes unstable for 

O-3632 < !I? < 0.6827, (4.18) 

and yields a limit cycle for each value of Q lying in 
the interval given in (4.18). Limit cycles for several 
values of V? are studied numerically with the aid of a 
computer, and the obtained characteristics are shown 
in tables 1 and 2. 

Before analyzing the numerical data in tables 1 and 
2, it should be noted here that for the given values of 
kc, kd, (1, k, and *‘, the limit cycle seems to be 
uniquely determined independently of initial condi- 
tions except for trivat cases in which particular initial 
conditions do not drive the system. Physically speak- 
ing, kc. k,. o. kd and e are controllable parameters 
and they dete&mine not only the stability of the 
steady state but also the final sustained oscillation 
around the steady state uniquely. 

Table I shows the following features of the oscilla- 
tion: 
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Table 1 
Frcqucncy and amplitudes. c&and WE! are results of interpolation using the marginal formulae (4.1) and (4.2) respecti;ely. The 
amplitude fis defmed as the difference between the maximum and the minimum of F(t). B and d are defmed in a sirnitar way for 
T(t) and D(r) 

-?2 w wg; 42 2f= 
F max-t;;nin 

0.3632 1.254 1.254 1.254 
(CW 
0.45 1.276 1.334 1.348 0.0358 
0.525 1.308 1.400 I.416 0.0448 
0.6 1.440 1.463 1.477 0.0432 
0.6827 1.529 1529 l-529 
(talc) 

2s = 2d = f/e f/d 
T nmx_Ttin Dmax+nin 

0.289 0.103 

0.107 0.328 0.334 0.109 
0.121 0.395 0.370 0.114 
0.106 0.369 0.405 0.117 

0.447 0.120 

(1) The frequency w is an increasing function of *. 
In physical terms, it means that the higher the total 
concentration of F+T+C(cerium ions) is, the more 
rapidly T(cerous ion) is consumed because of the na- 
ture of the auto-catalysis. It should be noted, how- 
ever, thzt the rate of increase is fairly slow and in the 
lowest appro.ximation, the interpolation Oint using 
the marginal formula (4.1) or (4.2) is not too unrealis- 
tic, as is indicated in table 1. 

A,-, and B, in figs. 5a and 5b are the steady states in 
the marginal situations, namely @ = 0.6827 and 
9 = 0.3632. The points C, , C2 and C3 are ffie steady 
states for K!? = 0.6, ?? = 0.525 and * = 0.45, respective- 

ly, The curves yl, r2 and 73 are the Iimit cycles 
corresponding to 9 = O-6,9 = 0.525 and Q = 0.45, 
respectively. 

(2) The relative amplitude of F(t) with respect to 
T(t) as well as to D(f) is also an increasing function 
of *. 

(3) The absolute amplitudes of F(t), T(t) and D(t) 
become maximum in the off-marginal situation, and 
they are vanishing when the system tends to the mar- 
ginal situations. Thus for fixed values of u and k,, the 
envelope of the limit cycle for various values of 9 
looks like an egg or a cigar. 

The surface of the envelope cf the limit cycles 
is an analogue of that of the order-parameter in the 
case of equilibrium phase transition, for example, 
spontaneous rnagnetizztion in the ferromagnetic phase. 
The fact that there exist two ends, *+(k, , 0) and 
*_(k, , Q), to this surface corresponds to the situation 
in which an anti-Curie point emerges as well as the 
Curie point in the language of equiIibrium phase 
transition. 

In fig. Sa the limit cycles for 9 = 0.6,0.525 and 
0.45 and their envelopes are roughly sketched in the 
(F, T, D) space. In fig. 5b these limit cycles are drawn 
in the (F, T) plane and in the (F, D) plane. The points 

Table 2 shows the following features: 

(1) in the off-marginal situations, the peaks of 
F(f) and r(f) tend to be in phase, and their bottoms 
out of phase. In the off-marginal situations, the peaks 
of F(f) and D(f) also tend to be in phase and their 
bottoms out of phase. In physical terms, when T(r) 

Table 2 
Phase relations. The definitions of these characteristics are shown in fg. 4 

-ff %TlF3X Gin <Illax G-nin Af 
(X 23-d (X 23-d 0 23-d (X 273 (X 2x1 $L) 22rr) 

0.3632 0.25 0.25 -0.169 -0.169 05 0.5 0.5 
WC) 
o-45 0.217 0.279 -0.150 -0.204 0.517 0.454 0.571 
0.525 0.214 0.280 -0.153 -0.205 0.520 0.454 0.572 
0.6 0.220 0.275 -0.161 -0.211 0.518 0.466 0564 
0.6827 0.25 0.25 -0.181 -01181 05 0.5 0.5 
(talc) 
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Fii. 5a. The limit cycles and their enveIope. ‘the parameters 
are chosen as kc = kd =L, ks = 20, o - 14 and \t = 0.6 (the limit 
cycle 71). vx =0.525 (the limit cycle 72) and q = 0.45 (the 
limit cycle 73)- The three points Cn, 122 2nd Cs are the un- 
stable steady states corresponding to the points CI, C2 and C3 
in fig. 3a. The points AO and 80 are the marginal steady states. 

is maximum, the auto-catalytic reaction B is strongly 
activated. Thus in the off-marginal situations in which 
the absolute amplitudes are enhancec, “reaction 6” 
makes the three components F(t), T(t) and D(f) in 
phase. The de-phasing of the bottoms is due to the 
inertia of “reaction O”, which can be seen in the be- 
haviour of Af, A, and Ad- 

(2) In the off-marginal situations, Af and A, in- 
crease and A0 decreases. Physically. once “reaction 0” 
is activated, it gains inertia and even after the 
maximum of activation is attained, “reaction 8” still 
goes on. Thus T(E) decays sharply and F(r) and D(t) 

decay slowIy. 

5. Tmnsient behaviour: critical slowing-down 

In the neighbourhood of marginal situations, the 
real parts of the complex eigenvafues of the matrix in 
the linearized equation (3.6) become very small. This 
means that the evolution of the oscillation around the 
steady state is extremely slow in the vicinity of the 

marginal situations, which is very much like the phe- 
nomena of critical slowing-down in a closed system 
near equilibrium. 

in fact, for a slightly off-marginal situation, one 
may estimate the real part x as 

Fi_ .Sb. TIE limit cycles n, 72 and r3 in E T) plane 2nd in (F. D) p&e. The dues of the parameters are given in the caption to 
fE. 5a. 



x=ReA,=kc ROY, 

rk y(k6 ,S,W-a@,*)BCQ.V 
C 

z@(o,~)+(~(~,w)*~ * 

(5.1) 

Supposing in the present case one substitutes 

@= *+(&,,o)+s* or *= %(k*,@)-se, (5.2) 

where 6* > 0, one finds 

MO, 8, ‘P) - 40, ‘W P@, ‘W (5.3) 

~-~[(k~-2)02-440-l]2-888(0+1)(20~i)S~, 

which indicates that the steady state is stable. 
Suppose, on the other hand, one puts 

‘P=‘?&(k,,Q)--se, ‘B=‘P_(k,,O)+S’@, (5 -4) 

where S9 > 0, naturally one finds 

r(k,, 0, *I -a@, U) PC3 w (5.5) 

which indicates that the steady state is unstabIe. 
The two cases together indicate the appearance of 

critical slowing-down and that the dynamic critical ex- 
ponent is unity in the present case with respect to the 
marginal deviation of the total cerium concentration. 

As discussed in sect. 3, for a fixed o( > q,) one 
may choose the value of k, in such a way that the 

two marginal values of q, 9?+(k,, 0) and Q_(k,, Q), 
coincide. In this situation the interval of @, which 

gives rise to limit cycle, disappears. At the same 
time, eqs. (53) and (5-S) are reduced to 

T(ke, 0, *) - a@, *) P(@, 9) 

“-(2Q=+I)(w92, (5.6) 

where W = u/G(u), because the coefficient of S3 
vanishes. Thii means that the steady state is stable and 
the dynamic critical exponent is 2 around this marginal 
point. 

For u < uo, the marginal situation completely dis- 
appears. Accordingly the steady state (B) given in 
(2.7) is always stable, i.e. the real part x is negative 
and finite. 

In a general off-marginal situation for which 
k;(u) < k, <k:(u) holds, a limit cycle is found for 
each value of %’ in the interval 

The way in which the reference variable F(r) tends to 
the limit cycles is shown in figs. 6a-e for various 
values of V?_ Here maxima’and minima of F(f) are 
plotted against the number of cycles. On the abcissa, 
one puts the numbers I, 2, .-SO, which stand for the 
first period, the second period etc. ‘Ihe horizontzl 
lines show the values to which the maxima and the 
minima will asymptotically tend. Figs. 6a and 6e 
correspond to the marginal situations, \I, = ‘D_(k,, Q) 
and *= V?+(k, , Q), respectively. 

The initial conditions are given in the captions to 
figs. 6a-e. Starting from rather high concentration, 

- . - -. _ -. __ -.-.-..-. ----...... 
--...a._ 

. . . . . . 

___...--..- _.__-.____-_-____ 
__._---- 

__..__--.- 

- - 0.00,’ - 
period 

1 10 20 30 40 5; 

Fg_ 6a. Time-dependence OF the maxima and minima of F(f). The mzmctea are chosen as kc=ka=l. ke 120. Q= 14 and 
q =0_3632_ The initial condition is af follows; F(O) =O.Ogg16,2’(0)=0.63 and D(O) =0.3632. In f-_ 6a through 6e the straight 
lines stand for the amplitudes of the final knit cycles. 
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Fg. 6b. Tic-dependence of the maxima and minima of F(r). The parameters are chosen m kc=kd= I. ke = 20. ,, = 14 and 

9-0.45. The initial conditions are: F(O) =0.0925. T(O) =0.63 and D(o) =OAS. 

F(t) decreases rapidly to the bottom of the first period. 
At this stage the system is supposed to reach an attrac- 
tor surface in the space of the reference variables (see 
sect. 6). The fust period may be interpreted as the in- 
duction period. Nova the system begins to oscillate on 
the attractor surface. The duration of the period of 
the subsequent oscillation is only slightly shortened as 
time proceeds. 

In figs. 6 one may recognize that the rate of tending 
towards the stationary orbit becomes slower when 
one approaches the marginal situations. 

6. Structure of the reference variable space 

In an off-marginal situation, taking various initial 
conditions in the space of reference variables, F(f), 
r(E) and D(t), one fmds an interesting structure in 
the reference variable space. 

Trajectories first tend towards a sheet very fast and 
then approach the limit cycle, turniig round on the 
sheet. The trajectory I in fig_ 7 shows this general 
transient behaviour. 

From several numerical results one finds that the 

. 

____...--- 
__.*...‘-‘~.......-.......,-~..-.-...... 

OWN 
peiod 

1 10 20 30 40 50 

Fig. 6~. Tib+dependcnce of the maxima and minima of F(t). The parameters are chosen as k,= kd=l, k,=20. o= 14 and 
q =0.525. ‘Ihe initial condition is as foUows; FfO)=0.962S,TCO)=0.63 and 0(0)=0.525. 
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F(t) 

I _ . . _ 
. - _ _ 

--..._-__ --...... --..-- .._..._.._ . . ._.--- 

0.05 - 

0.00 
period 

Fi=. 6d. limedependence of the maxima and minima of F(Z). The parameters are chosen as kc= kd= 1. k, = 20. (T = 14 and 
-P ~0.6. The intial condition is as follows; F(O)=O.l, T(0) so.63 and D(0) ~0.6. 

part of trajectories corresponding to the initial fast Corresponding to the limit cycle, in particular, 
motion towards the sheet forms a fibre space which there exists a fibre bundle which defines a cyliidric?J 
is separated by l Ae sheet of an attracting surface, and pipe-like surface as shown in fig. 7. Trajectories inside 
trajectories on one side of the attractor surface wilI this pipe-like surface never meet those outside before 
never meet those on the other side except on ffie at- they reach the attractor surface. 
tractor surface itself. Thus, to summarize, the whole space may be de- 

--e - . . _ 
-* _ --__ --.__. 

‘..,._ 
._I.._. 

. . . . . . . 
._--. - 

am- 

. .._ ._......-.... -. 
_ _.--,- 

_____.---- 

____._...I 

. _.- 

OM) Period 

1 10 20 30 LO 50 

Fig, 6e. Time dependence of the maltima and minima of F(f). The parameters are chosen as k==kd’l. kB = 20, u = 14 and 
-P = 0.6827. The initial conditior~ is as follows; FC.0) =0.1041, T(O) = 0.63 and D(O) =0.6827. 
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Fi. 7. The structure of <F. T. 0) spaa in an off-marginal 
situation. The parameters are chosen as kc= ka = 1, ke = 20, 
(J = 14 and e = OSZS. The four parts are: I -inside the pipe 
betow the sheet, 2 -outside the pipe behw the sheet. 3 - in- 
side the pipe above the sheet and 4 -outside the pipe above 
the sheet. The traiectories A. 8, C. D. E, F, G. and Ii a:e on 
the surface of the pipe and the trajectory 1 is off the surface. 
‘i&e initial conditions are ;lr follows; AZ F(O) =4 X tO_‘. 
T(O) = I.08975 and O(O)= 1.14; Br F(O)=4 X iO-3, T(O) = 
LO8975 and D(0) = 0.9; c: F(0) = 1 x 10-3. T(O) = 1.0927s 
Jnd D(O)=O.74: D: F(O)=0.3 X LO-‘. T(O)= 1.09345 and 
D(0)=0.91;E:F(0)=(1.2516,T(0)=0.3732andD~0)= 
0.0046; F: i=(O)=O.2055, T(O)=&3727 andD(O)=0.4201; 
G: iW3) =0_1221, T<C0=0.3716 and 0(0)=0.4307; H:F(OI 
=0.1630, T(O) -0.2706 and D(O)=O.l ILK; I: F(O) = S X 110-j. 
T(O)=1.0890andD(O~=l.8. 

composed into four distinct regions, say, 1,2,3 and 4, 
as shown in fig_ 7, among which there exists no transi- 
tion through natural trajectories_ 

The above observations lead to au interpretation 
that the intial fast motion towards the attractor sur- 
face corresponds to the induction period and the sys- 
tern begins to oscillate practically after arriving an 
the attractor surface. 

In order to find the shape of the fibre bundle (i.e. 
the pipe), one looks for trajectories which go over to 
the limit cycle immediately when they reach the at- 
tractor surface- The easiest way to find those trajec- 
tories is as follows; because the original differentiaI 
eqs. (2.1)-(2-4) are autonomous one may change the 
direction of time simply by changing the sign of the 
right-hand sides of the differential equations. ‘&en 
the system returns back on the same trajectory. Now 

that one knows the limit cycle, one may follow the 
time-reversed differential equations starting from an 
initial condition which is very close to the limit 
cycle. Thus one may roughly trace where the fibre 
bundle is, by examining the behaviour of the time- 
reversed trajecto.ries. ‘The trajectories which are sup- 
posed to be on the surface of the tibre bundle are 
shown in the (X D) plane and in the (F, D) plane in 
figs. 8a and b. The trajectories A, B, C, D, E, F, G, 
and H are on the surface while the trajectory 1 is off 
the surface. These trajectories are also shown in (F, T. 
D) space in fig,- 7. 

Et is difficult to determine the shape of the attrac- 
tor surface either numerically or analytically. 

Closing this section, one would say that such a 
simple structure of the reference variable space makes 
the model a selfcontro1 system of the limit-cycle 
type. In general the limiting orbit can be a more com- 
plex loop even if it exists. 

7; Extensions of the model 

As has been mentioned earlier, the existence and 
the multiplicity of auto-catalysis are essential in induc- 
ing oscillatory character and also in determining the 
detailed aspects of oscillations. 

In olfr model, there seems to be &VO possible reac- 
tions which may be auto-catalytic, namely, “reaction 
0” and “reaction d”. 

Suppose the multiplicities of the auto-catalyses are 
indicated by h$ and Nd , respectively, then one may 
define a family of models by an abbreviated notation 
CA&. Nd). The explicit forms of equations correspond- 
ing to the system W,, N$ are as follows; 

3 
= - P,MF i- k, FNe T, 

$T= k,MF _ ke r;lvB T f k&L. - k,TDc+, 

$D= k@%. 43 -kdT2.3C , 

- k,C j. kdTDC ‘b. (7.1) 
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Fig_ 8a. me trajectories in 5g. 7 projected on (F. 2’) plane. 

Fig. 8b. The trajectories in f@+ 7 projected on IT. 3) plane. 

It is easily seen that there is a conservation law, 

F+T+C=G=constant, (7.2) 

with the aid of which one may reduce the number of 
reference variables. Several systems will be briefly dis- 
cussed below. 

The system (0, N, 1, Na = 0, 1,2, . . . . has the follow- 
ing properties: 

(I) The system has only one steady state, i.e. 

k, To = kmMFo 

and kc=kdTODOC,,Nd-’ (N, +o), 

(7.3) 

or k,Co= kdToDo (N, =O). 0.4) 

(2) For Nd = 0 and I, the steady state is always 
stable. 

(3) For A’,, = 2, the steady state may become a 
stable focus or an unstable focus. In the marginal situ- 
ation, one has an oscillation with in%itesimaI ampli- 
tude around the steady state, and the phase difference 
between F(t) and T(r) is given by 

tant7=o&,M>o, (7.5) 

where u is the frequency of the inftitesimal oscillation. 
I~I the case of the system (0, &$, osci&tions are 

due to the inertia of flow in the auto-catalytic reac- 



K. Tom&z. K_ Kitahara/Model for oscillating chemical rearions 139 

tion d. Thus the large value of Nd makes the system 
unstable. 

The system ( 1, N&l, Nd = 0, 1,2, _._, has the follow- 
ing properties : 

(1) The system has two steady-stzte solutions, 

(A) F,,=C,, =0 and To=@, (7-Q 

(B) ke T-, = k,M. ke F. = kdDoCo 

and 
h&-l 

kc = kd T&$~ (;va f 0) 

Or k&Y0 = kd To Do (N, = 0). (7.7) 

The steady state (6) appears when the inequality 
Q > k,M/k, holds. 

(2) For Na = 0,l and 2, it is possible to have a situa- 
tion in which the steady stste (A) is unstable and the 
steady state (B) is an unstable focus or, in a marginal 
situation, a center. 

(3) In the marginal situation, one may have an OS- 
cillation with infinitesimal amplitude around the 
steady state (B). The phase diFference q between F(r) 
and T(tj is given by 

cos7J=o_ (7.8) 

The system (2, Nd), ~qd = 0,1,2, -.., has the follow- 
ing properties: 

(I) The system has two steady-state solutions, 

(A) Fo=Co=O and To=+, (7.9) 

(B) k, ToFa = k&f! k. F; = kdDoCo Nd 

and 
Nd-1 

k, = k, T$&‘o ‘(Nd +O) 

Or kcCo = kaToDo (Nd = 0). (7.10) 

(2) For N, = 0, the steady state (A) is always stable 
and the steady state (B) may become an unstable 
focus, a center or a stable steady state. hi this case it 
is difficult to have a stable limit cycle around the 
steady state (B). 

(3) For IV, = 1 and 2, it is possible to have a situa- 
tion in which the steady state (A) is unstable and the 
steady state (B) is an unstable focus, thus a stable 
limit cycle may exist. in the marginal situation in 
which the steady state (B) is a center, one may have 
an oscillation with infinitesim~ amplitude around the 
steady state (B). The phase difference in this case is 

given by 

tan r) = - u/k,.,& < 0. (7.11) 

Eqs. (7.9, (7.8) and (7.11) show that the phase 
difference 9 between F(t) and T(t) in the marginal 
situation is 0 < 7j <3 iT for the system (0,2), rj = $ 7T 
for the system (1, Nd) and f x < rj < ‘I: for the system 
(2, Nd). Thus the phase difference q depends on the 
muhiphcity Ne of the auto-catalysis in “reaction 0”. 

As was discussed above, the system (N,. IV,,. 
where 1Ve f0, has two steady states, the one (A) is 
characterized by F. = Co = 0 and the other (B) by 
FofOandCo +O- The higher the multiplicity IV, of 
the auto-catalysis in “reaction 0”, the more the steady 
state (A) is stabilized. In fact, the supply of F(t) is on- 
ly from “reaction 13” and its rate is in the form of 
k,F(tj% T(r) while the rate of the consumption of 
F(f) in “reaction m” is k,MF(t)- Thus for a small 
value of F(r) the consumption prevails over the sup- 
ply and the system comes back to the steady state (A). 

The role of the auto-catalysis in ‘-reaction d” is as 
follows; when C(r) is small, “reaction d” hardly 
proceeds for large IVY because its rate is given in the 
form of kdr(f) o(f) C(t) % Thus only the left-hand - 
cycle of the chemical reactions in fig. 1 begins to 
work. Then gradually T(f) and D(t) accumulate and 
“reaction d” opens. Thus the large value of N, leads 
to instability of the steady state (A)_ 

In the case of the system (2,0), Ne is too large in 
comparison with IVd, thus the steady state (A) is 
stabilized. 

The above considerations on possible related ex- 
tensions of the model throw some light on the me- 
chanism through which a stable chemical oscillation 
emerges. it is also interesting to note that the phase 
relation between F(t) and T(f) is clearly governed by 
the type of the model, rather than numerical magni- 
tudes of individual rate constants. 

8. Discussion 

Although no quantitative comparison was attempt- 
ed in this paper between theoretical results and the 
data referring to a Belousov-Zhabotinsky reaction, 
the foEowing points would be of help to remember in 
such a future attempt. 
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8.1. l7ze closed characteristics of the limit cycle 
TegiotZ 

In discussing the stability of the steady state solu- 
tions of the system < 1,O) in sect. 3, it was found that 
in the space of the controllable parameters the region 
corresponding to sustained oscillations is open in the 
positive direction of (7. However, according to 
Zhabotinsky et al. [ 121 the region corresponding to 
sustained oscillation is closed in the space of initial 
concentrations of malonic acid, ceric ion and bromate 
ion. Roughly speaking, these initial concentrations 
may be taken to correspond to our parameters u, Q 
and k, , respectively. Thus our model appears to be at 
variance with their observation. 

tions involved. Oscillation characteristics, therefore, 
would be of help in determining the relations among 
various rate constants involved in a particular type of 
model. 

8.4. PPo~a~arion of chemical waves 

In this connection it should be noted that in a 
slightly modified model (1, l), au upper bound is , 
found for M as well as a lower bound, under fixed 
values of rate constants, in order that there appear 
sustained oscihatiorls, i.e. 

In the experiments on Beiousov-Zhabotinsky reac- 
tions spatial propagation of concentration waves was 
observed in an unstirred sample [13-l 51 as well as 
the uniform oscillation in a stirred sample. Only the 
Iatter case has been treated in this paper, but it is clear 
that spatial propagation yields important additional 
information on the diffusion characteristics of V&OUS 

chemical components. The corresponding theoretical 
analysis is now under way and the results will be 
presented in a separate paper. 

8.5. Orher modeIs tifferg from Degn ‘s rype 

M_(k,,k,.kd,k,)<M<~~(k,,ks,k,,k,), (8.1) 

where 

= ks(1 +~~~)/kmk,j. (8.2) 

The modified system ( 1,l) seems, therefore, to indi- 
cate one of the possible directions of improvement. 

Zhabotinsky et al. [ 161 have proposed a set of 
kinetic equations. However they have introduced 
several ad hoc assumptions on the rate constants in 
order to approximate the observed oscilIation char- 
acteristics. From our point of view it seems necessary 
to analyze the basis for this assumption. 

8.2. i%rse relations among various oscillating 
quQrztities 

It was found from the examination of several re- 
lated extensions of the mod:1 that the phase relations 
among various oscillating quantities are rather sensi- 
rive to the model adopted. These relations, therefore, 
would be of help in identifying the global characteris- 
tics of the proper type of model. 

Recently Noyes et al. [8-l I ] proposed a detailed 
network of reactions, together with quantitative in- 
formation on elementary steps, in order to explain 
the oscillation mechanism of Flelousov-Zhabotinsky 
reactions. One may reduce his network to get a sim- 
pler model by contracting relatively fast steps, thus 
renormalizing the slow ones. The resuhing model is 
different from the one treated in the present paper. 
Work is in progress which is aimed at analyzing new 
model in a method similar to that adopted in this 
pa.Wr. The results will be reported in a forthcoming 
publication. 

8-3. Oscillnrion chamcterisSicS Acknowledgement 

In many cases the observed oscillation in a 
Relousov-Zbabotinsky reaction is characterized by 
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lative magnitudes of the kinetic parameters of the reac- 
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